PRELIMINARIES
In this section, we mention some properties of characters and co-prime action. These properties are ones that will arise frequently in the problems that we are examining.
For characters x and 4 of G, we let [x, $1 d enote the inner product of x and 9. Let N 4 G and 0 s Irr(N).
We write IG(8) to denote the inertia group {gEGi& = 8)ofBinG.W e a so write Irr(G 1 0) = {x E Irr(G) / [xN, 01 # O}. 1 Of course, character induction yields a one-to-one map from Irr (l,(e) ] 0) onto Irr (G j 0) . If x E Irr(G 1 0), we say x (or 0) is fully ramified with respect to G/N ifXw = et?andea = 1 G : N /. This will occur if 1,(e) = G and x vanishes off N.
Suppose that K/L is an abelian chief factor of G; y E Irr(K); v E Irr(L); and [yL,p)] + 0. If Kl,(y) = G, then one of the following occur:
(a) y and y are fully ramified with respect to K/L; or (c) 9)" = y.
We note that Kl,(rp) = G whenever 1,(y) = G. The results of these last two paragraphs are well-known (e.g. see Chapter 6 of [8] ); and we will use them without reference. The following lemma is known. Frobenius reciprocity is the main ingredient of the proof.
1.1. LEMMA. Let N 4 G, NH = G, and let B E Irr(N) be invariant in G. Let M = iv n H and assume 6, E Irr(M) . Then x t) xx dejkes a one-to-one correspondence between Irr(G 1 0) and Irr(H 1 0,).
Proof. See Lemma 10.5 of [7] . 1 The following lemma, due to Glauberman [4] , uses the conjugacy part of the Schur-Zassenhaus Theorem. Thus, the Odd-Order Theorem is needed to ensure the solvability of A or G.
LEMMA.
Suppose that a group A acts on a group G via automorphisms and (i A 1, G i) = 1. Assume that A and G act on a set T and (t .g) . a = (t.a).gnforalltET,gEG,aEA. Then Proof. See [4] or Lemma 13.8 and Corollary 13.9 of [S]. 1
The above lemma may be used to prove the next two results. Proof. See Corollary 2.4 of [9] . m 1.4 COROLLARY. Assume that A acts on G via automorphisms, N 4 G, N is A-invariant, (1 G Proof. See Lemma 2.5 of [9] . 1 Lemma 1.2 can be used to prove the next lemma when G/N is solvable. When G/N is non-solvable, the Odd-Order Theorem yields that A is solvable. In this case, the result can be proved via the Glauberman correspondence and character triple isomorphisms.
Assume that A acts on G via automorphisms, 11'4 G, ,V is A-invariant, (1 G 
THE CORRESPONDENCE
This section discusses the algorithm and properties of the character correspondence r(G, A). Theorem 2.12, which relates rr(G, A) and rr( IV, A) for certain W < G, is the key to the relative correspondence in Section 3. For functions mapping characters to characters, we will write the function to the right of the character.
Let A act on G by automorphisms, let H ,( G be A-invariant, and let x E Irr,(G). If there exists a unique j3 E Irr,(H) such that [xH , B] is odd, then we write ,8 = xa(G, H, A).
THEOREM.
For each pair of groups G and A such that (1 G 1, 1 A 1) = I and A acts on G via automorphisms; there is a uniquely defined map rr(G, A): Irr,(G) -Irr(C) where C = Co(A) satisfying: Proof. See Corollary 5.2 of [9] . 1 By saying that n(G, A) is uniquely defined, we mean that r(G, A) is uniquely determined by the action of A on G and is independent of possible choices in the algorithm.
Assume that A is solvable in Theorem 2.1. Then, parts (b) and (c) give an algorithm for computing n(G, A). Much of Glauberman's work [5] involved showing that the correspondence is independent of choices made in the algorithm. Now suppose that / G 1 is odd in Theorem 2. Since we will be frequently looking at co-prime actions, we make the following hypotheses.
2.2 HYPOTHESES. Let A act on G via automorphisms such that (1 A 1, / G 1) = 1. Let C = C,(A) and let r be the semi-direct product GA.
The next result is an easy corollary of Theorem 2.1. For a proof see Corollary 3.3 of [9] .
COROLLARY.
Assume Hypotheses 2.2 and that A is a p-group. Assume that C < V < G and V is A-invariant.
Let x E Irr,(G). Then there is a unique 4 E Irr,,( V) such that p { [xv , I/J]. Furthermore xr(G, A) = #r( V, A).
The next two lemmas gather some facts about n(G, A). The second relates n(G, A) to n(N, A) for A-invariant Na G.
2.4 LEMMA. Assume Hypotheses 2.2 and that x E Irr,(G). Then xrr(G, A) is an irreducible constituent of xc .
Proof. First assume that A is solvable. By Theorem 2.1(c) and induction on 1 A j, we may assume that A is a p-group. The result follows here by Theorem 2.1(b).
Thus we assume that 1 G 1 is odd. We may assume that C < G. Let Let H be a group, x E Ch(H), and X a representation affording x. The function 9): H + C defined by rp(h) = det (X(h)) is clearly a linear character of H. Furthermore, given x, then v is actually independent of the choice of the representation X. We denote q by det()o. Additionally, for 01, j3 E Ch(H), we have det(ol + p) = det(or) . det(P) and det(+) = (det(a))a(i) . (det@))*ti).
2.6 LEMMA.
Assume Hypotheses 2.2 and x E Irr,(G). Then there exists a unique extension X* E Irr(r) ofx such that A < ker(det(x*)). @ = xr(G, A) . Let x* be the canonical extension of x to r. Then there exists 6 = &I such that x*(ca) = S/?(c) for all c E C and for all 1 # a E A.
Proof. By Theorem 13.32 of [S] , th ere is some 6, = fl and p E Irr(A) such that $ = lA and x*(cu) = S@(c) p( a ) f orallcECandall1 #aEA.Ifp=lA, we set 6 = 6 , to complete the proof. This case certainly occurs when p is odd, sincep2 = lA . Thus,weassumethatp = 2andp # IA .WenowsetS = -4, to complete the proof. 1
In Lemma 2.8, we have x*(a) = S/3( 1) for 1 # a E A. We note that S is unique. Proof. We first see that NA a r because (NA)C = I'. For y E C, we have (e*)g extends 0 and A < ker(det((e*)g)). Thus, 0* is invariant in r. Since (NA)C = r, each extension of f3 to NA is invariant in r. Say xN = e0. Then (x*)~~ = eAB* for some X E Irr(NA/N). We now have that lA = det((X*).4) = det(eezh,) = (det(B~))eP(r) = A?(l).
Sincep { &(l), we have that h, = lA and thus h = 1, . Hence (x*)~~ = ee*, proving (a).
Let 1 # a E A. By Lemma 2.8, we have Sip(l) = x*(u) = et9*(a) = eS2p(l); and so /3(l) = S,S,e~ ( 1) . H ence, 6, = 6, and jI( l)/p( 1) = e = x(1)/0(1), completing the proof. 1
We next quote a result of Isaacs [7] which contains a large share of the correspondence he developed and which will have frequent use here. Assume, in addition, that G/K is cyclic and that C,,,(y) = 1 whenever y q! K. Suppose that Kx has order m # 1 in G/K. Then (g) there exists 6 = fl such that m / (e -6); and
Proof. Conclusions (a)-(f) follow from Theorems 9.1 and 6.3 and Corollary 6.4 of [7] . Under the additional hypotheses, it follows that (I G/K 1,~) = 1. Parts (g) and (h) are proved by applying rules (a)-(c) on page 619 of [7] and applying Theorem 9.1 of the same paper. 
Let x E ChAG). Then (XW) P(W A) = (xP(G, 4)~~~ .
Proof. Induct on / r /. We may assume that W < G and C < G. By linearity, we may assume that x E Irr,(G). Let N = [G, A] .
First assume ,Q, is not homogenous, i.e., xN is not a multiple of an irreducible character. Let 6' be For this case (where xN is not homogeneous), the result follows from comments in the second paragraph. Thus, we now assume that x,, has a r-invariant irreducible constituent, say 0.
Write xw = C a,~~ for 7i E Irr,( W 1 e).
For the moment, consider the case where / G j is odd. We may assume that
The maximality of H implies that N/L is an elementary abelian chief factor of r. Let x*, Q, and 8* be the canonical extensions of X, qi, and 6 to r, WA, and NA (respectively).
Note that XA a r. By Lemma 2.9; .B* is invariant in r, Thus it follows from Theorem 2.1 that -ir(G, A, L) IS one-to-one and onto. Also, rr(G, A, L) is completely determined by the action of A on G.
We investigate r(G, A, L) by looking at characters of subgroups that lie betweenL and G. Parts (c) and (d) of the next lemma, together with the solvability of A, give an algorithm for computing n(G, A, L).
LEMMA.
Assume Hypotheses 2.2 and that A is solvable. Suppose that L g r andL < G. Let V be the kernel of the action of A on G/L. Then 
@r(H, V) = v. It suffices to show that /3n(H, A) = xrr(G, A). But pz-(H, A) = @(H, V) 'rr( J, A/ V) = vr( J, A/ V) = arn(D, A/ V) = x~( G, V) z-(D, A/V) = xr(G, A).
The proof is complete. 
#Gz-(G, A, L) a(LC, A) = cJGz-(G, A) = (+r( T, A))C = (+r(T, A, L) z-(S, A))C = (y(S, A))C = +r(LC, A).
Since r(LC, A) is one-to-one, the proof is complete. The answer for non-solvable G is not known. Due to Theorem 2.14, we will concentrate here on the Glauberman correspondence. In fact, we will study r(G, A, L) for appropriate L. Proof. Corollary 2.11 yields xH = #& for a unique J3 E Irr(H). Since L < K < ker(#) and Ir(q) = P, it follows that /3 E Irr(H ) v), proving (a). Since I,(O) = r = I,(v) and G/Kg H/L is cyclic, part (b) holds. By (iii), it follows that (p, n) = 1.
We next prove that (c) and (d) We next look at a situation similar to that of Theorem 4.1, except that we will assume that 1 G/K / = 2. Suppose that E is an irreducible Z,(A) module. Then E affords to A an irreducible Z, character A. Viewing A as an F character, we may write A = 6, + 6, i ... + hrl where the Si are irreducible F characters and the Si are the distinct Galois conjugates of 6, over 2, (see Theorem 9.21 of [S]). So, A = rf -C ... + r$ for distinct yi E Irr(A). Let /l = 1 yi so that /l* = A.
In the notation of the last paragraph, we say that A is the (complex) character &forded A by E. We note that A is unique. Furthermore, if B < A, then fl, is the character afforded B by E. Also [/la , lB] is the dimension of C,(B) as a vector space over 2,. The following lemma is known.
LEMMA.
Assume that E is elementary ubelian of order pm, D is cyclic of order n, and D acts fazthfully and irreducibly on E. Then m is the smallest integer such that n /p" -1.
Proof. Note that n I pnJ -1 and (n, p) = 1. The Since K/L is chief in r and Jr(e) = P, it follows that 8 and v are fully ramified with respect to K/L. Write 0, = ep , where e = / K : L Iliz E 2.
We have that C,,,(K/L) = 1. Since H/L is cyclic and K/L is chief in r, it follows that C,,,(Kx) = Suppose that G is solvable. If 1 G / is odd, the result is proved by Theorem 2.14. By the Odd-Order Theorem, we may assume that A is solvable. If L = 1, then m(G, A, L) = rr(G, A). The result follows from Theorem 4.4. 1
